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Results are shown of a theoretical and experimental study concerning the transient convective 
mass transfer at a disc rotating in a non-Newtonian fluid. 

I .  We c o n s i d e r  the t r a n s i e n t  p r o c e s s  of  convec t ive  diffusion of a l o w - m o l e c u l a r  subs tance  in the 
c a s e  of a d i sc  ro t a t ing  s tead i ly  in an inf ini tely l a r g e  and anoma lous ly  v i s cous  m e d i u m  c h a r a c t e r i z e d  by a 
p o w e r - l a w  rheo log ica l  equat ion of s t a t e .  
equat ion [1]: 

The m a s s  t r a n s f e r  p r o c e s s  is  usua l ly  d e s c r i b e d  by the fol lowing 

Oc Oc v~ Oc Oc [ 0 %  02 1~ 02c~  
O--t -b Vr-~-r + -r - -  + -~z = D [ ~ + ~ '  /~ --r ~ ) " (1) 

When the p r o c e s s  o c c u r s  within the conf ines  of  a diffusion boundary  l a y e r  whose  c h a r a c t e r i s t i c  d i -  
mens ion  is  m u c h  s m a l l e r  than the d i sc  r a d iu s ,  and if  it is  a s s u m e d  that  Vz(aC/OZ ) >> v r (~c/ar).,  then Eq .  (1) 
m a y  be wr i t t en  as  

Oc Oc 020 
- -  + v ~  = D  - -  ( 2 )  
Ot Oz OP 

with the axial  s y m m e t r y  taken into accoun t  h e r e .  

A s s u m i n g  f u r t h e r  tha t  the concen t r a t i on  of  the l o w - m o l e c u l a r  subs t ance  at the s u r f a c e  i s  a c e r t a i n  
speci f ied  funct ion of t i m e  and tha t  the  edge e f fec t s  at the d i sc  p e r i p h e r y  a r e  negl ig ib le  [1], we wr i t e  the  
ini t ial  and the bounda ry  condi t ions  as  fo l lows:  

c (0, t) = f (l), c (c~, t) = c o, e (0, O) = e o. " (3) 

F o r  the solut ion of  s y s t e m  (2)-(3) we will  u se  the r e s u l t s  in [2], whe re  the p r o b l e m  of fluid flow due 
to a s teady ro ta t ion  of a d i sc  in a m e d i u m  c h a r a c t e r i z e d  by a p o w e r - l a w  rheo log ica l  equat ion of s ta te  
[121 

17--1 
1 . . [ - ~ - .  

Tij = - -  p f i j  -~- k I -:-  er~'emri eiJ (4) 

has  been solved n u m e r i c a l l y .  

The c o n s t r a i n t  p r o b l e m  in [2] is  ana lyzed  by applying the K a r m a n  hypo thes i s  of s i m i l a r i t y  between 
p ro f i l e s ,  with the a u t o m o r p h o u s  v a r i a b l e s  b e c o m i n g  

I 
~. ( (02-n rl-n~ l+n (5) 
~ = ~  \ ~ /  ' 

v r (r, z) = eorF (~), (6) 

v~ (r, z) = o)rG (~), (7) 
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vz(r, z) = [rn-lto~-XNl l-{--n H(~). (8) 

The cont inui ty  equation i s  wr i t t en  as  

2F + H' + ( - i - - ~  F ' g = 0 .  

H e r e  the p r i m e s  indica te  d e r i v a t i v e s  with r e s p e c t  to ~. 

In ou r  c a s e  the P rand t l  n u m b e r  i s  quite h igh .  Consequent ly ,  i t  i s  p e r m i s s i b l e  to app rox ima te  the 
p ro f i l e  of rad ia l  ve loc i t i e s  within the diffusion boundary  l a y e r  by a l i n e a r  r e la t ion :  

F =a~,  where a (0). 

(9) 

(10) 

F r o m  Eq.  (9) we find 

H ( B ) = - - a ' g 2 ;  here a ' = a [ l +  l(1--n~].2 \ l + n ]  

F r o m  (8) and (11) one can de r ive  an e x p r e s s i o n  fo r  the m e a n  axial  ve loc i ty :  
1 

I n s e r t i n g  (12) into (2) y i e ld s  
1 

F oc o2c Oc _ az 2 __----:-  - -  = D 
at az az 2 

i t  has  been a s s u m e d  h e r e  tha t  the coef f i c ien t s  in the t heo log i ca l  equat ion of s ta te  (4) do not depend on the 
concen t r a t ion  in the diffusion boundary  l a y e r  of the s u b s t a n c e .  

. 
The e x p r e s m o n  fo r  the  m e a n  flow dens i ty  of a s teady s t r e a m  aga ins t  a d isc  ro t a t ing  in an inf ini tely 

l a r g e  p o w e r - l a w m e d i u m  is  [3]: 

] ( R ) =  1 F [  1 ~ 5 n + 7  
T ~T/ 

We now r e w r i t e  (14) as  fol lows:  

i ( l ~ I ( 1 - . )  l 

colY/a N -  T ~ ~ JR-g- ~T~Z J o~ 1+. 

(11) 

(12) 

o r  

(13) 

(14) 

] (R) _ 1 6n + 6 1 N -  5- ~ R-5- c i -~ ,  r (15) 

,Dc ~ 1.3 r (3 )  5n + 7  DV 3 

(3V3 3 
](R) _ 1 where 6mean = , , , ( , -n~ i - k ~ J "  (16) 
Dco ~mean' ~ 1  ~V- ~- (-r~) Rr,~-~, j r  ~ 

The quant i ty  5mean  ha s  the d imens ion  of length and, a c c o r d i n g  to V. G. Lev ich  [1], it will  be t r e a t e d  
a s  the t h i cknes s  of the diffusion boundary  l a y e r  in the case  of a s teady convec t ive  m a s s  t r a n s f e r  at a d isc  
ro t a t ing  in a p o w e r - l a w  fluid.  

The v a r i a b l e s  t and z will be r e p l a c e d  by the d i m e n s i o n l e s s  v a r i a b l e s  

z Dt [Co--C(Z, t)] 
x = - -  ; ~ =  -" g(z,  t) = , (17) 

6mean 62 , mean c O 

and, acco rd ing ly ,  the o r ig ina l  equation (13) will  be t r a n s f o r m e d  into 

O--~g - -  ~ ( n )  x 20_gg = O~g 
Ox Ox Ox 2 

(18) 
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o f 

,G - - 2 '  
v - - 3  

0 - - 5  
a - - 6  
A ~ 7  I % :  ; 

[ b ~ 

1o 2,5 5 7,5 to /z,5 /5 o 5 to /5 2o 25 cut 

Fig .  1. T r a n s i e n t  convec t i ve  m a s s  t r a n s f e r  at  the  20 m m  (dia-  
m e t e r )  r o t a t i ng  d i s c .  (a) 0% N a - K M  (CN), t h e o r y  (I); (b) 0.75% 
N a - K M  (CN), t heo ry  100 r p m  (I), 500 r p m  (II) 2500 r p m  (III): 100 
r p m  (1), 200 r p m  (2), 500 r p m  (3), 1000 r p m  (4), 1500 r p m  (5) 
2000 r p m  (6), 2500 r p m  (7). 

w h e r e  

(z (n) = 2,128 2 (l + n) ( 5 n + 7 3 + n  6 n + 6  )3. 

The  in i t ia l  and the  b o u n d a r y  condi t ions  will  be  wr i t t en  a s  fo l lows:  

g-+O, x--,- co, "r~O, 

g ( 0 ,  ~ ) = ~ ( %  x = 0 ,  ~ > 0 ,  

(~) _ [Co - -  f (t)] 

C O 

The  c o n s t r a i n t  p r o b l e m  can now be solved by  the me thod  shown in [4]. 

With tile aid of the  L a p l a c e - C a r s o n  t r a n s f o r m a t i o n  

Eq .  (18) b e c o m e s  

e ~  

G (x, p) = p ~ e-o, g (x, ~) d~ 
0 

d2G dG 
pG = + a (n) x ~ - -  

dx ~ dx 

with the  b o u n d a r y  condi t ions  

G--+0 at x--+ oo, 

w h e r e  r (p) i s  the L a p l a c e  t r a n s f o r m  of funct ion q~(z). 

I n s e r t i n g  

G = q I ( p )  at x =  O, 

G(x' P ) = ~ F ( x '  p ) e x p [  - a(n)x3 

(19) 

(20) 

(21) 

(22) 

(23) 

T A B L E  1. 
of  Fe(CN)~- Ions  

Solution 2.10 -s M P. 10 -s, 
Ka[Fe(CN)s ] + 2 . kg 
�9 10-1M K4[Fe(CN)s ] /m ~ 
+Na-KM(~2N), % 

P a r a m e t e r s  of  the P o w e r  L a w  and Di f fus iv i ty  

~. 103, kg 
/Ill. s e c  -2  n 

1,15 1 ,00 
78 0,74 

264 0,65 
950 0,57 

0 1,015 
0,75 .1,028 
t ,00 1,032 
I,  50 1,040 

D" 10 9, n~ 2 

/sec 

0,625 
0,536 
0,510 
0,484 
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la ~ 2  
v ~ 3  

b �84 

! 
o 5 . IO t5 20 25 300 5 tO /5 20 25 uat 

Fig.  2. T rans i en t  convect ive m a s s  t r a n s f e r  at the 20 m m  (diameter)  
rota t ing d i sc .  Ca) 1% N a - K M  (CN), (b) 1.5% Na-KM(CN);  theory 100 
r p m  (I), 500 r p m  (II), 2500 r p m  (HI); 100 r p m  (1), 200 r p m  (2), 500 
rpm (3), 1000 rpm (4), 1500 r p m  (5), 2000 r p m  (6), 2500 r p m  (7). 

into (21) y ie lds  an equation which does not contain the f i r s t  der iva t ive ,  name ly  

d ~  p+cz(n)  x-{- ~ W = 0  
dx ~ 4 

with the boundary conditions 

~--~'0 at X---~ co, ~- '~O(p)  at x = 0 .  

(24) 

As has  been mentioned e a r l i e r ,  of i n t e re s t  h e r e  i s  the solution to the p rob lem for  the region d i rec t ly  
adjacent  to the disc sur face ,  i . e . ,  fo r  the l a y e r  where  x ~ 1. Consequently,  we may  a s s u m e  that the so lu-  
tion to Eq.  (24) app rox ima tes  the solution to the equation 

d~Ft - -  [p + a (n)xl ~I~ = 0 (25) 
dx 2 

with the boundary conditions 

~1 "-~ 0 at x --~ c~, ~1 = {D (p) at x = 0. 

Equation (25) i s  the well known Ai ry  equat ion.  I ts  solution [4] 

IF, (x, p) == Ai [ p "+" a (n) x p + cz (n) x ] 
a(n)a3 ] + B i [  ~ - ~  j 

i s  exp re s sed  in t e r m s  of Ai ry  functions Ai and Bi .  
t ions (26), we have  

~ x  (x, p) = q:) (p) 

(26) 

(27) 

With the constants  de te rmined  f r o m  the boundary condi-  

Ai {IP ~ ~ (n) xl/a!/3 (!.0} . (28) 
Ai [p/~2/3 (n)] 

The Laplace  r ep resen ta t ion  for  a s t r e a m  of a substance  diffusing toward the disc sur face  is  

O~F Ai' [plow 3 (n)] 
L [ D ( ~ z  )o] = - -  j(R) (-~x )o ~ j(R)~P(p) Ai[p/&-/n(n)I ~2/3(n)" 

Applying the interpolat ion fo rmula  to the logar i thmic  der iva t ive  of the Airy function [4], 

Ai' (g) 1 4 g 

Ai (y) V I , ~  + y 

we p e r f o r m  an inve r se  Lap lace  t r ans fo rma t ion  [5] and obtain as  a r e su l t  

= D ( o c )  = 
\ Oz ]o dr o 

0 [exp(--1,877a2/3(n)~) ~2/3 (n) ] 
X }f~-~ + ~l,877a2/3(n ~ erfV1,877a2/3(n)~ d~,, 

(29) 

(30) 

(31) 

where  ~0(T) is  de te rmined  f r o m  condition (19). 

310 



~ =---- T 

3 " i 

oZ ! 

I 

,%--3 

b 

o - - ]  
V--2 

A--ff 

/!  
ff /z 
/ / 

0 g 4, 6 8 10 12 0 5 10 15 ZO 25 03~ 

Fig .  3.  T r a n s i e n t  convec t ive  m a s s  t r a n s f e r  at the 5 m m  ro ta t ing  
d i s c .  (a) W0 N a - K M  (CAT), t h e o r y  (i), 100 r p m  (1), 200 r p m  (2), 
500 r p m  (3), 1000 r p m  (4), 1500 r p m  (5). (b) 0 . 7 5 % N a - K M  (CN), 
t h e o r y  100 r p m  (I), 500 r p m  (tI), 2500 r p m  (III); 100 r p m  (1), 500 
r p m  (2), 1000 r p m  (3), 2000 r p m  (4), 2500 r p m  (5). 

We next  c o n s i d e r  the t r a n s i e n t  m a s s  t r a n s f e r  at f(~) = e(0, t) = O. 
(31) yields 

where  

In o r d i n a r y  v a r i a b l e s ,  then,  Eq.  

a ~/a mt ] 
exp 

j(t) 0,531 (PriVY- ~ q 0,94 ~ 2(1 +. n) 

] (R) V a~t 
(I) (n) (Pr~3)l/a 

5n + 7  err ~ / -  
x 6 n + 6  

a2/a o)t (32) 
0,531 (Pr~) 1/3 ' 

1 
1 t+n 

Pri~ = -~ -  [hnRW '-1) o)a(~-l)] (33) 

i s  the u n i v e r s a l  P r a nd t l  diffusion n u m b e r  and 

\ a'  ] 6 t , + 6  ; ~ - 6  =0,89.  

Rela t ion  (32) a l lows us  to eva lua te  the approach  to a s teady s ta te .  In i t ia l ly ,  at t ime  t << 0.531 (PrO)l/3 
/a2/3co, the flow of  the  subs t ance  is  pu re ly  di f fus ive  in na tu r e  and convec t ion  is  neg l ig ib le :  

] (t) = ] (t~) 1 = D e e .  (34) 
V ~o) t ]/-aDt 

el) (n) (Pr~) '/a 

At t ime  t >> 0.531(Pri:))i/a/a2/3co the mode  of m a s s  t r a n s f e r  b e c o m e s  s teady :  

+ 1~) t ](t) = 0,94 I//2(13+n ' v - 6 ~  / ](R). (35) 

The c h a r a c t e r i s t i c  t r a n s i e n t  t ime  is  defined as  

0,531 (P r~)) !,'3 
T = a e/a (o (36) 

It  fol lows f r o m  e x p r e s s i o n s  (33) and (36) that ,  with all o the r  f a c t o r s  the s a m e ,  the t r a n s i e n t  t ime  
d e c r e a s e s  as  the fluid b e c o m e s  m o r e  p s e u d o p l a s t i c .  Thus ,  at  n = 1, co = 100 sec  -1, R = 10 -2m,  and 
D = 1 0 - g m 2 / s e c t h e  c h a r a c t e r i s t i c  t r a n s i e n t  t ime  T ~ 1 sec ,  while  at  n = 0.5 it is  T ~ 0.5 s e c .  As  the  fluid 
b e c o m e s  m o r e  di la tant ,  the t rend  r e v e r s e s .  We n o t e t h a t  a t n  = 2 t h e c h a r a c t e r i s t i c  t r f ins ient  t ime  does  not  
depend on the ro ta t iona l  speed of the d i s c .  

I I .  The expe r imen ta l  study of the t r a n s i e n t  m a s s  t r a n s f e r  at a d isc  ro t a t ing  in an anoma lous ly  
v i scous  fluid was  made  with the  a p p a r a t u s  shown in [6]. The e l e c t r o c h e m i c a l  t e s t  method  s eemed  m o s t  
appl icable  h e r e  b e c a u s e ,  f i r s t  of  all ,  s t epwise  changes  in the bounda ry  condi t ions  d i f fe ren t i a t ing  this  
p r o c e s s  f r o m  the qua s i s t e a dy  m o d e  could be r e l i ab ly  ef fec ted  by it  mad, secondly ,  the m a s s  t r a n s f e r  
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Fig.  4.  T rans ien t  convect ive m a s s  t r a n s f e r  at the 5 m m  rota t ing  
d isc .  (a) 1%Na-KM(CN) ,  80 r p m  (1), 100 rpm (2), 500 r p m  (3), 
1000 r p m  (4), 1500 r p m  (5), 2000 r p m  (6), 2.500 r p m  (7). (19) 1.5% 
Na--KM (CN), 100 r p m  (1), 500 r p m  (2), 1000 r p m  (3), 1500 rpm (4), 
2000rpm (5). Fo r  a and b theory  1 0 0 r p m  (I), 5 0 0 r p m  (II), 2500 
r p m  IT-g). 

p a r a m e t e r s  could be thus recorded  within shor t  t ime  in t e rva l s .  At the s ame  t ime ,  the invar iabi l i ty  of 
boundary conditions (2) was also ensured [10]. The l a t t e r  c i r cums tance  made it feas ib le  to use  appropr ia te  
ma themat i ca l  mode ls  for  the ana lys i s  of t e s t  data and, pa r t i cu l a r ly ,  for  the theore t ica l  ana lys i s  outlined 
e a r l i e r .  

I t  has  been noted a l ready [7, 10] how very  re l iab le  the e l ec t rochemica l  method is  for  m e a s u r i n g  the 
p a r a m e t e r s  of t r ans ien t  m a s s  t r a n s f e r  in a s table l a m i n a r  s t r e a m  of a Newtonian fluid. However ,  i ts  
application to the study of convect ive m a s s  t r a n s f e r  in a non-Newtonain fluid ca l l s  fo r  some caution and 
for  the fulf i lment  of cer ta in  specif ic  p r e r e q u i s i t e s  [6, 8]. 

As tes t  fluids we used aqueous solutions of the N a - K M  (CN) p o l y m e r  in var ious  concentra t ions  and 
containing also the e lec t ro ly tes  K 3 [Fe(CN)~] (2 �9 10 -3 k g - m o l e / m  3) and K 4 [Fe(CN)6 ] (2 �9 10 -1 k g - m o l e / m  3) as  
background components .  The purpose  of these  e lec t ro ly t ic  compounds was to allow the m a s s  t r a n s f e r  ra te  
to be m e a s u r e d  during the r e v e r s i b l e  ox ida t ion- reduc t ion  reac t ion  

Fe (CN)~- + e ~- Fe (CN)~-. 

in the sy s t em.  At the same  t ime,  the aqueous solutions of N a - K M  (CN) containing these  e lec t ro ly tes  r e -  
tained the i r  pseudoplas t ie  p r o p e r t i e s  within the requis i te  range  of shear ing  r a t e s .  The values  of the p o w e r -  
law p a r a m e t e r s  f o r  this sys t em,  l is ted in Table 1, we re  obtained with a capi l la ry  v i s e o s i m e t e r  and the 
cor responding  diffusivity of the Fe(CN)~- i o nswas  m e a s u r e d  with the ins t rumen t  shown in [9]. All these  
values  were  obtained at 20~ 

It  i s  well known that at the e l e c t r o d e - e l e c t r o l y t e  in te r face  the re  appea r s  an e lec t r i c  double - layer  
whieh, while governing the ion exchange r a t e ,  p lays  an impor tan t  ro le  in the k inet ics  of e lec t rode  p r o -  
c e s s e s  [11]. Since an e lec t r i c  double - layer  i s ,  in effect ,  a capac i to r ,  hence it  inevitably affects  the 
t r ans i en t  p r o c e s s  - espec ia l ly  during the init ial  pe r iod .  The capac i tance  of such a double - layer  as 'wel l  
as other  p a r a m e t e r s  depend also on the a r ea  of the act ive  e lec t rode  sur face  and, t he re fo re ,  an opt imum 
design of the appara tus  geome t ry  and the e i reui t  p a r a m e t e r s  is  ve ry  impor tan t .  In our  exper iment  the 
t e s t  objects  (probes) were  plat inum discs  5 and 20 m m  in d i ame te r ,  embedded concent r ica l ly  in the ends 
of a P lex ig las  cy l inder .  With such probe  dimensions  and with the aid of the descr ibed  ins t rument ,  it was 
poss ib le  to m e a s u r e  the p a r a m e t e r s  of t rans ien t  m a s s  t r a n s f e r  0.01 see a f te r  the beginning [7]. The t e s t s  
were  p receded  by an a l te rna te  anode-ca thode  polar iza t ion  of the act ive  probe  sur face  in a 1 N KOH solu-  
t ion.  The t e s t  solution, which had been produced f rom dist i l led wate r ,  was  purged with ni t rogen for  30 
min and in this  way c leared  of dissolved oxygen.  Before  a record ing  of each curve ,  the act ive probe  s u r -  
face was also depolar ized by shor t - c i r cu i t ing  the main and the auxi l iary  e lec t rode .  A constant  voltage 
was then applied to the e l ec t rodes ,  in o rde r  to ensure  a diffusive mode of p robe  p e r f o r m a n c e .  Both the 
initial  and the boundary conditions (3) were  maintained he re ,  with f(t) = 0 [7]. 

The p r o c e s s  was recorded  on a model  N-700 l igh t -beam osc i l lograph .  The t e s t  data were  evaluated 
in t e r m s  of the relat ion 

] ( t )  = i(co t). 
j (R) 
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The resul t s  of measu remen t s  pertaining to the t ransient  mass  flow are  shown in Fig. 1 for var ious 
rotational speeds of the 20 mm disc in an aqueous electrolyt ic  solution containing no po lymer .  Included 
here  is a curve represen t ing  Eq. (32) for n = 1. A close corre la t ion  between test  data and Eq. (32) is noted 
over  a wide range of speeds.  

The data shown in Fig.  lb and Fig. 2 general ize  the test  resul ts  pertaining to the t rans ient  mass  
t r ans fe r  at a disc which rota tes  in e lect rolyt ic  solutions with nonlinear  flow cha rac t e r i s t i c s .  The solid 

1 
l ines cor respond to the analytical expression (32). Since in this case  the dimensionless  group PrD,  which 
appears  as a p a r a m e t e r  in Eq. (32), depends on the disc speed, hence the curves  based on Eq. (32) tend to 
d i spe rse .  This tendency is somewhat weaker  in the case of the tes t  cu rves .  This deviation f rom theory 
amounts to 2.5-15%, depending in the Na-KM (CN) concentrat ion.  These are  then the accuracy  l imits  of 
the e lec t rochemical  method of measur ing  the t ransient  t r ans fe r  p roces se s  during their  initial s tages .  It 
follows f rom express ion (36) that, when n = 1, the charac te r i s t i c  t ransient  t ime does not depend on the 
size of the react ion surface of the disc,  unlike in the case  of an external flow around a disc or  of a flow 
in a channel [7]. As the fluid becomes more  dilatant, i . e . ,  as n inc reases ,  the charac te r i s t i c  t ime ac-  
cording to expression (36) becomes  longer for l a rge r  d iscs .  Pseudoplast ic  fluids exhibit the opposite 
t rend.  This conclusion, which has been predicted by theory,  agrees  with the tes t  resu l t s .  

The test  resul ts  pertaining to the t ransient  convective mass  t r ans f e r  at the 5 mm d isc -e lec t rode  are  
shown in Figs .  3 and 4. Here the p roces s  in a pseudoplastic fluid stabilized s lower than with the 20 mm 
disc (see Figs .  2b and 4b), especial ly in the 1.5% Na-KM (CN) solution. The solid curves  correspond to 
theoret ical  calculat ions based on Eq. (32). For  discs rotating in a solution containing no polymer ,  accord -  
ing to Figs .  l a  and 3a, the t ransient  t ime is independent of the disc radius .  

Thus, our  experimental  study of the t rans ient  m a s s  t r ans fe r  at a disc rotat ing in a nonlinear purely  
viscous fluid indicates that the analytical solution (32) to the problem represen t s  an adequate genera l i za -  
tion of tes t  data for  the entire range of Na-KM (CN) concentrat ions considered In this experiment .  
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NOTATION 

is the concentration; 
is the concentrat ion in the volume of electrolyte;  
are  the cyl indrical  coordinates;  
are  the velocity components along the respect ive  cylindrical  coordinate axes: 
xs the time; 
is the diffusivity; 
is the m a s s  flow density; 
is the angular velocity; 
is the exponent charac te r iz ing  the non-Newtonian behavior  of the fluid; 
~s the measu re  of consistency;  
~s the automorphous var iable  

is the density of the substance; 
is the disc radius;  
is the mean flow density against disc; 
is the quantity defined by Eq. (9); 
is the quantity defined by Eq. (10); 
are  thed imens ion less  xiariables: space coordinate,  t ime, and concentration respect ively;  
is the Airy function; 
is the s t r e s s  tensor;  
is the Kronecker  delta; 

a re  the rate  o f - s h e a r  t e n s o r s .  
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